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Abstract: We describe a design methodology for modifying the refractive 
index profile of graded-index optical instruments that incorporate 
singularities or zeros in their refractive index. The process maintains the 
device performance whilst resulting in graded profiles that are all-dielectric, 
do not require materials with unrealistic values, and that are impedance 
matched to the bounding medium. This is achieved by transmuting the 
singularities (or zeros) using the formalism of transformation optics, but 
with an additional boundary condition requiring the gradient of the co-
ordinate transformation be continuous. This additional boundary condition 
ensures that the device is impedance matched to the bounding medium 
when the spatially varying permittivity and permeability profiles are scaled 
to realizable values. We demonstrate the method in some detail for an Eaton 
lens, before describing the profiles for an “invisible disc” and “multipole” 
lenses. 
©2013 Optical Society of America 
OCIS codes: (160.3918) Metamaterials; (120.4570) Optical design of instruments; (220.3630) 
Lenses; (110.2760) Gradient-index lenses. 
References and Links 
1. U. Leonhardt, “Optical conformal mapping,” Science 312(5781), 1777–1780 (2006). 
2. J. B. Pendry, D. Schurig, and D. R. Smith, “Controlling electromagnetic fields,” Science 312(5781), 1780–1782 
(2006). 
3. U. Leonhardt and T. G. Philbin, Geometry and Light: The Science of Invisibility (Dover, 2010). 
4. K. B. Nathan, D. R. Smith, and J. B. Pendry, “Electromagnetic design with transformation optics,” Proc. IEEE 
99(10), 1622–1633 (2011). 
5. H. Chen, C. T. Chan, and P. Sheng, “Transformation optics and metamaterials,” Nat. Mater. 9(5), 387–396 
(2010). 
6. W. Cai, U. K. Chettiar, A. V. Kildishev, V. M. Shalaev, and G. W. Milton, “Nonmagnetic cloak with minimized 
scattering,” Appl. Phys. Lett. 91(11), 111105 (2007). 
7. U. Leonhardt and T. Tyc, “Broadband invisibility by non-Euclidean cloaking,” Science 323(5910), 110–112 
(2009). 
8. J. Li and J. B. Pendry, “Hiding under the carpet: A new strategy for cloaking,” Phys. Rev. Lett. 101(20), 203901 
(2008). 
9. R. Liu, C. Ji, J. J. Mock, J. Y. Chin, T. J. Cui, and D. R. Smith, “Broadband ground-plane cloak,” Science 
323(5912), 366–369 (2009). 
10. J. Perczel, T. Tyc, and U. Leonhardt, “Invisibility cloaking without superluminal propagation,” New J. Phys. 
13(8), 083007 (2011). 
11. J. B. Pendry, A. Aubry, D. R. Smith, and S. A. Maier, “Transformation optics and subwavelength control of 
light,” Science 337(6094), 549–552 (2012). 
12. P.-H. Tichit, S. N. Burokur, and A. De Lustrac, “Ultradirective antenna via transformation optics,” J. Appl. Phys. 
105(10), 104912 (2009). 
13. Y. Luo, J. Zhang, H. Chen, J. Huangfu, and L. Ran, “High-directivity antenna with small antenna aperture,” 
Appl. Phys. Lett. 95(19), 193506 (2009). 
14. M. Rahm, D. Schurig, D. A. Roberts, S. A. Cummer, D. R. Smith, and J. B. Pendry, “Design of electromagnetic 
cloaks and concentrators using form-invariant coordinate transformations of Maxwell’s equations,” Photon. 
Nanostructures 6(1), 87–95 (2008). 
#199529 - $15.00 USD Received 15 Oct 2013; revised 23 Nov 2013; accepted 25 Nov 2013; published 19 Dec 2013
(C) 2013 OSA 30 December 2013 | Vol. 21,  No. 26 | DOI:10.1364/OE.21.032313 | OPTICS EXPRESS  32313
15. R. K. Luneburg, Mathematical Theory of Optics (Univ. of California Press, 1964). 
16. J. E. Eaton, “On spherically symmetric lenses,” Trans. IRE Antennas Propag. 4, 66–71 (1952). 
17. J. C. Maxwell, “Problems,” Cambridge Dublin Math. J. 8, 188–189 (1854). 
18. N. Kundtz and D. R. Smith, “Extreme-angle broadband metamaterial lens,” Nat. Mater. 9(2), 129–132 (2010). 
19. T. Driscoll, G. Lipworth, J. Hunt, N. Landy, N. Kundtz, D. N. Basov, and D. R. Smith, “Performance of a three 
dimensional transformation-optical-flattened Lüneburg lens,” Opt. Express 20(12), 13262–13273 (2012). 
20. A. Demetriadou and Y. Hao, “Slim Luneburg Lens for Antenna Applications,” Opt. Express 19(21), 19925–
19934 (2011). 
21. R. Yang, W. Tang, and Y. Hao, “A broadband zone plate lens from transformation optics,” Opt. Express 19(13), 
12348–12355 (2011). 
22. N. Engheta and R. W. Ziolkowski, Metamaterials: Physics and Engineering Explorations (Wiley & Sons, 2006). 
23. C. M. Soukoulis and M. Wegener, “Materials science. Optical metamaterials--more bulky and less lossy,” 
Science 330(6011), 1633–1634 (2010). 
24. D. R. Smith, J. B. Pendry, and M. C. K. Wiltshire, “Metamaterials and negative refractive index,” Science 
305(5685), 788–792 (2004). 
25. A. N. Lagarkov and K. N. Rozanov, “High-frequency behavior of magnetic composites,” J. Magn. Magn. Mater. 
321(14), 2082–2092 (2009). 
26. T. Tsutaoka, “Frequency dispersion of complex permeability in Mn–Zn and Ni–Zn spinel ferrites and their 
composite materials,” J. Appl. Phys. 93(5), 2789–2796 (2003). 
27. O. Acher, “Copper vs. iron: Microwave magnetism in the metamaterial age,” J. Magn. Magn. Mater. 321(14), 
2093–2101 (2009). 
28. D. Bao, K. Z. Rajab, Y. Hao, E. Kallos, W. Tang, C. Argyropoulos, Y. Piao, and S. Yang, “All-dielectric 
invisibility cloaks made of BaTiO 3 -loaded polyurethane foam,” New J. Phys. 13(10), 103023 (2011). 
29. N. I. Landy, N. Kundtz, and D. R. Smith, “Designing three-dimensional transformation optical media using 
quasiconformal coordinate transformations,” Phys. Rev. Lett. 105(19), 193902 (2010). 
30. A. J. Danner, T. Tyc, and U. Leonhardt, “Controlling birefringence in dielectrics,” Nat. Photonics 5(6), 357–359 
(2011). 
31. D. Schurig, J. J. Mock, B. J. Justice, S. A. Cummer, J. B. Pendry, A. F. Starr, and D. R. Smith, “Metamaterial 
electromagnetic cloak at microwave frequencies,” Science 314(5801), 977–980 (2006). 
32. Y. G. Ma, C. K. Ong, T. Tyc, and U. Leonhardt, “An omnidirectional retroreflector based on the transmutation of 
dielectric singularities,” Nat. Mater. 8(8), 639–642 (2009). 
33. T. Tyc and U. Leonhardt, “Transmutation of singularities in optical instruments,” New J. Phys. 10(11), 115038 
(2008). 
34. J. Perczel, C. Garci-Meca, and U. Leonhardt, “Partial transmutation of singularities in optical instruments,” J. 
Opt. 13(7), 075103 (2011). 
35. D. F. Sievenpiper, E. Yablonovitch, J. N. Winn, S. Fan, P. R. Villeneuve, and J. D. Joannopoulos, “3D metallo-
dielectric photonic crystals with strong capacitative coupling,” Phys. Rev. Lett. 80, 2829–2832 (1998). 
36. J. T. Shen, P. B. Catrysse, and S. Fan, “Mechanism for designing metallic metamaterials with a high index of 
refraction,” Phys. Rev. Lett. 94(19), 197401 (2005). 
37. B. Wood and J. B. Pendry, “Metamaterials at zero frequency,” J. Phys. Condens. Matter 19(7), 076208 (2007). 
38. Y. N. Demkov and V. N. Ostrovsky, “Internal symmetry of the Maxwell “fish-eye” problem and the Fock group 
for the Hydrogen atom,” Sov. Phys. JETP 33, 1083 (1971). 
39. T. Tyc, L. Herzánová, M. Šarbot, and K. Bering, “Absolute instruments and perfect imaging in geometrical 
optics,” New J. Phys. 13(11), 115004 (2011). 
40. P. Benítez, J. C. Miñano, and J. C. González, “Perfect focusing of scalar wave fields in three dimensions,” Opt. 
Express 18(8), 7650–7663 (2010). 
1. Introduction 
Since the seminal works by Leonhardt [1] and Pendry et al. [2] in 2006 a large body of 
theoretical work has been undertaken developing the tools and framework of Transformation 
Optics (TO), a full review of which is beyond the scope of this work but can be found 
elsewhere [3–5]. The basic principles, however, are rather straightforward. The ray 
trajectories (and fields) of an electromagnetic wave are tied to their co-ordinate system, and 
any deformation of that co-ordinate system will result in a corresponding deformation of the 
ray trajectories. Since Maxwell’s equations have the same form in any co-ordinate system 
with only the permittivity and permeability being different, any co-ordinate transformation is 
equivalent to a new medium with, in general, spatially varying permittivity and permeability 
profiles. Therefore, if a particular ray trajectory is desired TO will supply the spatially varying 
permittivity and permeability profile required to produce it. 
Though the advent of TO promised a wealth of novel refractive devices, in reality there 
have been relatively few designs, and even fewer of these have been practically realised. 
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Designs have included various types of cloaking schemes [6–10], energy harvesters [11], high 
directivity antennas [12,13], concentrators [14] and adaptations of graded index lens designs 
such as the Eaton, Luneburg and Maxwell fish-eye lenses [15–21]. The lack of practical 
progress can be attributed to a fundamental limitation in the TO recipe: the resulting 
permittivity and permeability profiles frequently require extreme values that are not available 
in naturally occurring media and are difficult to achieve even with metamaterials [22–24]. 
Moreover, TO-developed designs require the permittivity and permeability tensors to be equal 
(in other words the materials prescribed by TO are impedance-matched) which is an even 
greater challenge from a materials perspective. It is well known that naturally occurring 
magnetic materials may only exhibit low-loss broadband magnetic responses at low 
frequencies (<100MHz) [25,26], and that enabling a magnetic response at any other frequency 
(whether through the use of ferromagnets or metamaterials) requires a resonant response [27]. 
This requirement limits the bandwidth of a device and also results in losses, which may not be 
tolerable depending on the application. The permittivity and permeability profiles are also, in 
general, anisotropic and, whilst certain levels of anisotropy can be incorporated (especially in 
metamaterials), the experimental design becomes even more demanding. Schemes to 
overcome these limitations have led to adaptations of the TO recipe such as the recent work 
on quasi-conformal mapping which, for example, has been used to design carpet cloaks 
[8,9,28,29], and a relaxation of the impedance-matching requirement of TO for single 
polarisation operation [30]. 
It is therefore clear that, if one requires broadband operation, non-resonant materials must 
be used. This limits the palette of available materials to those without a magnetic response (or, 
more generally, a diamagnetic response) that cannot be impedance-matched, requiring an 
adaptation of the TO recipe. One such adaptation involves a simple rescaling of the 
permittivity and permeability tensors, and has been used in some experimental demonstrations 
of TO designed devices [31,32]. However, this method has two significant downsides: it 
limits device operation to a single polarisation, and reflections arise from the boundary of the 
device since it is no longer impedance-matched. In the next section we will show that, though 
the limitation of single polarisation operation cannot be overcome, the reflections arising from 
the boundary of the device can be removed through a simple modification of the co-ordinate 
transformation in the same manner as Cai et al. [6], who used a higher-order co-ordinate 
transformation in the design of a cloak resulting in impedance matching at the boundary of the 
device. However, whilst their cloak design resulted in an all-dielectric profile that was 
impedance matched at the boundary, certain permittivity tensor components were less than 
unity, requiring a resonant response with associated losses and narrow-band character. In the 
spirit of practicality we would like to design devices that can both be genuinely realizable and 
broadband. As such we will use a similar design process to that of Cai et al., but in devices 
where all resulting material properties are in principle achievable for low-loss, broadband 
operation. In particular we will demonstrate the efficacy of the design process in the 
transmutation of singularities and zeros in the refractive index profiles of graded index optical 
devices. We will use the transmuted cylindrical (2D) Eaton lens as the example in a detailed 
description of the method, before describing other transmuted devices including the “invisible 
disc” and “multipole” lenses. 
2. Design process 
The Eaton lens was first described in a paper published in 1952 [16] and is a spherically 
symmetric graded index lens that acts as an omnidirectional retro-reflector, with a refractive 
index profile given by 
 ( ) ( )2 1    1 ,  1   1      n r  if r and n r if r
r
= − ≤ = >  (1) 
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where r  is the radial co-ordinate and we assume a unit radius. The ray trajectories in a single 
plane for light incident upon an Eaton lens are shown in Fig. 1(a). Whilst the isotropic 
refractive index profile defined by Eq. (1) is rather simple, it is clear that as 0r →  the 
refractive index becomes singular, preventing an Eaton lens from being fabricated. Tyc et al. 
[33] demonstrated that a point singularity could be removed by expanding space around it, 
provided the divergence is not too steep, with the isotropic refractive index profile being 
transformed into an anisotropic impedance-matched permittivity (permeability) profile. 
Recently, Ma et al. [32] demonstrated a transmuted cylindrical Eaton lens with the 
permittivity and permeability profile achieved through the use of split ring resonator based 
metamaterials. However, due to the resonant nature of the metamaterial elements this was a 
narrow band device and thus of limited practical use. 
(a) (b) (c) 
 
Fig. 1. Ray trajectories in a plane through a) a spherical Eaton lens, b) an impedance-matched 
transmuted spherical Eaton lens using the co-ordinate transformation in Eq. (2), c) a 
transmuted cylindrical Eaton lens with non-magnetic materials using the co-ordinate 
transformation in Eq. (10). 
The transmutation process may be applied to either the entire radius of the lens, or to only 
the region around the singularity [34]. Here we will consider the case where the entire lens is 
transmuted since this results in less extreme values of the resulting permittivity and 
permeability profiles, but the mathematics will be written for the general case. The co-
ordinate transformation for the expansion of space around the singularity is given by: 
 ( ) ( )( ) ,    
( )
f rR r if r b and R r r if r b
N b
= ≤ = >    (2) 
where 
 ( ) ( )( )
0
1
0
' '
 
' '
r
n r dr
f r
n r dr
=

  (3) 
R  is the transformed radial co-ordinate, r  is the original radial co-ordinate, and b is the 
radius of the transmuted region. ( ) ( ) |r bN b f r ==  and is a normalisation to ensure that the co-
ordinate transformation is continuous at the boundary of the transmuted and non-transmuted 
regions. 
It is a simple matter to calculate the material properties arising from this expansion of 
space [3,22,34]. Here we present only the final result using the notation used in [3]: 
 
2
2 ,  ,    
i i
k k
r dR dr drn diag
R dr dR dR
ε μ  = =   
 (4) 
where ikε  and 
i
kμ  are the permittivity and permeability tensors in spherical co-ordinates. The 
resulting material properties are shown in Fig. 2(a), demonstrating that the singularity has 
been removed at the cost of substantial anisotropy. The ray trajectories resulting from the 
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material properties shown in Fig. 2(a) are shown in Fig. 1(b), demonstrating that the retro-
reflecting nature of the device has been retained. 
   
(a) (b)$
 
Fig. 2. (a) The permittivity and permeability as a function of the radius for the transmuted 
spherical Eaton lens. (b) The permittivity and permeability as a function of the radius obtained 
using the same transmutation process, but in cylindrical co-ordinates (note the log scale). 
For a cylindrical Eaton lens the point singularity becomes a line singularity, and the 
equivalent to Eq. (4) is: 
 ,  ,  i ik k
r dR R dr r drn diag
R dr r dR R dR
ε μ  = =     (5) 
where the three components are the permittivity & permeability in the r, θ  and z directions 
respectively. The resulting material properties are shown in Fig. 2(b) (note the log scale), and 
it is clear that the singularity is no longer transmuted in the individual ε  & μ  components. If 
we now determine the refractive index tensor by combining the relevant permittivity and 
permeability tensor components, we obtain 
 ( )' diag , ,   ,  ,1 z r z r dr rn n diag dR Rθ θε ε ε ε ε ε  = =     (6) 
where 'n  is the refractive index profile corresponding to the transmuted geometry, and we 
have described the refractive index tensor components in terms of the permittivity 
components with the understanding that they are interchangeable with the permeabilities. The 
resulting refractive index profile is shown in Fig. 3, and it is clear that the singularity has been 
transmuted in both the r  & θ  directions but not in the z  direction (unlike in the spherical 
case where the singularity was removed in all components). By limiting ourselves to 
propagation in the plane orthogonal to the line singularity, and therefore negating any 
influence of the  z component of the refractive index on the ray trajectories, we would expect 
the cylindrical device to exhibit the same characteristics as the spherically symmetric device. 
Indeed it is an important point to note that line singularities and line zeros are only ever 
transmuted in the resulting refractive index profile (and can never be transmuted in the 
individual permittivity and permeability tensor components). We also note that, whilst point 
singularities can always be transmuted (as long as the refractive index profile does not 
increase more rapidly than p1 / r ), and line singularities can be transmuted for linearly 
polarised light when the electric vector is parallel of perpendicular to the singularity, higher 
order singularities and zeros, such as those found in the well-known cloaking schemes, can 
never be transmuted. 
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 Fig. 3. The components of the refractive index tensor as a function of the radial distance for the 
transmuted cylindrical Eaton lens obtained using Eq. (6). 
Since we cannot transmute the singularities in the individual permittivity and permeability 
components we can no longer satisfy the impedance matching ( )ε μ=  condition, and this 
results in two choices for the calculation of the refractive index that correspond to the two 
linear polarizations. These are: 
 { }, Electric field n the plane  :  &r z r zr n nθ θϕ ε μ ε μ= =  i    (7) 
 { }Magnetic field in the plane :,  & r z r zr n nθ θϕ μ ε μ ε= =    (8) 
and we can choose any combination of the permittivity and permeability components that 
results in the refractive index profiles shown in Fig. 3. 
Having described the transmutation of singularities and zeros in the profiles of graded 
index devices, we must return to the question of practicality, and in particular we must 
consider the materials available for fabricating such a device. As mentioned previously, if one 
wishes to design a device that can operate over a broad frequency band and exhibits low 
losses, one is restricted to the use of materials that exhibit little or no resonant response. Also, 
since a large degree of anisotropy is required in the transmuted device material properties, we 
are likely limited to the use of metamaterials. Whilst non-resonant metallic metamaterials may 
exhibit very high dielectric responses they are unable to provide permeabilities of greater than 
unity, though they will often exhibit diamagnetic responses ( 0  μ 1 0  μ 1 ≤ ≤ ≤ ≤ ) [35–37]. 
Also, the refractive index of such metamaterials must also always be greater than unity. We 
can summarise these limitations as follows: 
 
ε 1
0 μ 1
n 1
>
≤ <
≥
 
  
 
 (9) 
By inspection of Eq. (8), it is clear that we cannot satisfy the conditions of Eq. (9) for light 
polarised with its magnetic field in the { },r ϕ  plane, and a broadband transmuted cylindrical 
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Eaton lens design is not possible for this polarisation. However, from Eq. (7), for light 
polarised with its electric field in the { },r ϕ  plane, it appears that the conditions of Eq. (9) can 
be completely satisfied. Here, for simplicity, we will limit ourselves to materials with a purely 
dielectric response ( 1μ = ) as opposed to the more likely diamagnetic response of the non-
resonant metallic metamaterials discussed above. We can then determine the permittivity 
profile of the device using Eq. (7), and the resulting material properties are shown in Fig. 4. 
 
Fig. 4. The relevant permittivity and permeability components as a function of the radial co-
ordinate of a transmuted cylindrical Eaton lens for light polarised with the electric field in the 
{ },r ϕ  plane. 
Unfortunately the process of scaling the permittivity and permeability profiles whilst 
maintaining the refractive index profile gives rise to a further drawback. Even though the ray 
trajectories for light incident upon a device described by the permittivity and permeability 
profiles shown in Fig. 4 are identical to those of the non-scaled version there is one important 
difference: the scaled, and therefore no longer impedance-matched, device will exhibit 
reflections at the boundary between the non-transmuted and transmuted regions. Indeed these 
reflections are found to have a significant degradation on the performance of the transmuted 
cylindrical Eaton lens as can be seen in Fig. 5(a) in which a commercially available finite 
element modeling package (COMSOL Multiphysics) has been used to model a narrow 
Gaussian beam incident upon the device. Strong reflections are evident from the boundary of 
the lens resulting in only approximately 60% of the incident beam being retro-reflected as 
opposed to the 100% from the equivalent impedance-matched device. The remaining light is 
scattered in all directions. 
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(a) (b) (c)
 
Fig. 5. Full wave numerical modeling (instantaneous total electric field) of transmuted 
cylindrical Eaton lenses. a) a scaled transmuted Eaton lens consisting of non-magnetic 
materials (in-plane polarisation) using the co-ordinate transformation given by Eq. (2) b) a 
transmuted Eaton lens consisting of non-magnetic materials using the modified co-ordinate 
transformation given by Eq. (8) (in-plane polarisation). c) The same as b), but for the out-of-
plane polarisation. 
The reflections arise due to the discontinuity in ε  and μ  at the boundary of the device 
(Fig. 4), and upon inspection of Eq. (6) it is clear that the only term that can lead to this 
discontinuity is the gradient /dR dr . Indeed, whilst the ( )N b  term in the original co-ordinate 
transformation (Eq. (2)) was introduced to ensure that the transformation was continuous at 
the boundary, there was no such constraint on the gradient. It becomes obvious, therefore, that 
if we add a new boundary condition requiring the gradient of the transformation be 
continuous at the boundary of the device, we should eliminate any reflections even when 
using non-impedance-matched materials. In essence we will be forcing the material properties 
of the transformed medium to be matched to the bounding medium. Of course, we must also 
note that, if we wish to achieve a device that exhibits close to zero scattering, the size of the 
device must be sufficiently large relative to the wavelength such that the spatially varying 
refractive index does not give rise to additional scattering. 
There are many ways in which this new boundary condition can be imposed. Here we 
simply add a polynomial to the original co-ordinate transformation to demonstrate the 
principle: 
 ( ) ( )( )
( )
mf rR r r r b
N b
α= + −  (10) 
where m is any positive number greater than a certain limit that depends upon the original 
refractive index profile (or else the singularity is no longer transmuted), and α is a constant 
yet to be determined. This functional form ensures that when 0r =  and r b=  the co-ordinate 
transformation is unaltered from the original transformation and remains continuous. We now 
add the new boundary condition requiring that the gradient of the transformation be 
continuous across the boundary between the transmuted and non-transmuted regions: 
 
trans non transr b r b
dR dR
dr dr
−
= =
=  (11) 
For the simple case of a fully transmuted device bounded by free space / | 1r bdR dr = = . 
Using this condition, and a choice for the value of m, it is a simple matter to determine the 
value of alpha, and to subsequently determine the material properties corresponding to this 
new co-ordinate transformation in the same way as previously. The material properties for 
such an adapted fully transmuted cylindrical Eaton lens as a function of the radius for 1m =  
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and for non-magnetic materials are shown in Fig. 6, with the original and modified co-
ordinate transformations shown inset. Whilst the choice of value for m  is arbitrary (the 
device will still result in the same behavior as the original un-transformed Eaton lens) it has a 
significant impact upon the resultant material properties. If m  is large the co-ordinate 
transformations more closely resemble each other with the gradient matching “squeezed” 
towards the outer radius of the device. This results in a lower required permittivity, but a more 
rapid rate of change of permittivity as a function of the radial co-ordinate close to the 
boundary of the device. If m  is smaller the gradient matching occurs over a larger radial 
distance and the changes to the spatially varying permittivity are “squeezed” towards the 
center of the device. A larger range of permittivity is required in this latter case. The choice of 
m  therefore depends upon the size of the device and the range of material properties 
available. More generally, the way in which the additional boundary condition is implemented 
will have a significant impact upon the resulting material properties. 
 
Fig. 6. The permittivity and permeability profiles of the modified transmuted Eaton lens (for 
light polarised with its electric field in the { , }r ϕ  plane. Inset: the co-ordinate transformations 
of the transmuted and modified transmuted Eaton lenses. 
To demonstrate the efficacy of the device the ray trajectories for the design are shown in 
Fig. 1(c), with full wave numerical modeling of the device for an incident Gaussian beam 
polarised with its electric field in the { , }r ϕ  plane shown in Fig. 5(b) (for comparison the case 
for light polarised with its magnetic field in the { , }r ϕ  plane is shown in Fig. 5(c)). The lack 
of refraction at the boundary of the device in Fig. 1(c) is clear evidence of the matching to 
free space that the adapted co-ordinate transformation has accomplished, whilst the full wave 
simulations demonstrate that the reflections that limited the performance of the un-modified 
transmuted Eaton lens have been removed. 
In summary, the methodology we have described in this section allows for the design of 
practical devices in which singularities or zeros in the profile of graded index devices have 
been removed. This is achieved through the transmutation process, but with the addition of a 
boundary condition requiring the gradient of the co-ordinate transformation be continuous at 
the boundary of the device. A subsequent scaling of the permittivity and permeability profiles 
allows for all-dielectric designs that could in principle be fabricated using current 
metamaterial designs. We also note that the method can be applied to spherical systems as 
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well as the cylindrical system considered here with the simple addition of a spatially varying 
φ  component of the permittivity tensor. 
3. Other transmuted devices 
The same process as described for the cylindrical Eaton lens can be performed on other 
graded index devices that incorporate singularities or zeros in their refractive index. The 
invisible disc is one such device, and is named as such because any rays impinging upon the 
device exit along the exact same trajectory as they would have were the device not present, 
but having undergone a single loop within the device (see Fig. 7). The refractive index profile 
of the invisible disc is given by 
 ( )
2
1
3
n r Q
Q
 
= −    (12) 
where 
 3 2
1 1 1
27
Q
r r
= − + +  (13) 
and r  is the radial co-ordinate. 
 
Fig. 7. Ray trajectories for an “invisible disc”. Any ray impinging upon the device exits as if 
the device were not present. 
Though the details of the mathematics is somewhat more involved than in the case of the 
Eaton lens due to the more complex refractive index profile, the exact same process can be 
applied, resulting in the permittivity profile shown in Fig. 8 (left) for a value of 1m = . By 
simple comparison of Fig. 8 with the equivalent plot for the Eaton lens shown in Fig. 6 it is 
immediately obvious that the required material properties for the invisible disc are more 
extreme, both in magnitude and in anisotropy, than are those for the Eaton lens. This is a 
direct consequence of the increased gradient of the refractive index as a function of the radial 
co-ordinate of the original invisible disc profile, which is required to bend the rays sufficiently 
to complete a full loop within the device as opposed to the half loop of the Eaton lens. 
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Fig. 8. Left: The relevant components of the permittivity tensor for the transmuted invisible 
disc for light polarised with its electric field parallel to the { , }r ϕ  plane 
z
(μ 1)= . Right: Full 
wave numerical modeling (instantaneous total electric field) of the transmuted invisible disc. 
The final family of transmuted graded index devices that we will consider we will refer to 
as “multipole” lenses due to the fact that their ray trajectories mimic the field lines of 
multipolar line-charge distributions (dipolar, quadrupolar etc). The refractive index profile of 
such a lens is given by 
 
( )12 1
2
2( )
1
l
l
rn r
r
−
−
=
+
 (14) 
with 1l =  corresponding to a dipolar distribution, 2l =  a quadrupolar distribution etc. 
Examples of the ray trajectories given by Eq. (14) for 0,1  & 2l =  are shown in Fig. 9. The 
profile (Eq. (14)) for arbitrary real l  is known as the generalized Maxwell fish-eye [38, 39], 
and for 1l =  this becomes the more well-known form of the Maxwell fish-eye lens in which 
each point on the radius of the device is refocused to the opposite point on the same surface 
[17]. It was noted in [40] that the ray trajectories of the fish-eye in one plane (see Fig. 9) are 
exactly the electric field lines of an electric dipole made up of two line charges. For integer 
1l >  the ray trajectories similarly give exactly the electric field lines of higher-order 
multipoles of line charges. 
Since, for all of the multipole lens profiles, the refractive index outside of the unit radius is 
lower than unity, it is impossible to truly mimic the ray trajectories of these multipolar modes 
over all space using realistic broadband materials. However, it is possible to mimic them 
within the unit radius by simply truncating the refractive index profile (resulting in a device of 
unit radius that is bounded by vacuum), and this is the approach taken here. 
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Fig. 9. Ray trajectories for refractive index profiles given by Eq. (14). Left:  0l = , a 
monopolar mode, Center:  1l = , a dipolar mode identical to the well-known Maxwell fish-eye 
lens, Right: 2l = , a quadrupolar mode. 
The dipolar ( 1) l = profile has a finite non-zero refractive index in the center of the device 
and as such is not of interest here. However, the 0l =  (monopolar) mode exhibits a 
singularity in the center, whilst all modes of order higher than dipolar exhibit zeros in the 
center. We might expect, therefore, that by using the same methods as described in section 2, 
we may transmute these zeros and singularities and generate practical refractive index profiles 
that perform the same purpose. 
We will begin by considering the monopole lens; a device in which any rays emitted into 
the device by a point source placed at the radius are refocused back to the source. The 
resulting permittivity profile of the relevant tensor components after the transmutation process 
for light polarised with its electric field in the { , }r ϕ  plane, and the corresponding full wave 
modeling of the device, are shown in Fig. 10. The “bending” of the waves within the device 
back towards the source is clear, resulting in all of the power radiated from the source being 
emitted into the left hand half space. 
  
Fig. 10. The resulting permittivity profile and full wave modeling (instantaneous total electric 
field) of the transmuted monopolar lens ( 0l = ) for light polarised with its electric field in the 
{ , }r ϕ  plane 
z
(μ 1)= . The wave components from a point source at the boundary that enter 
the device are re-focused back to the source. 
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Finally we will demonstrate the transmutation of a zero in the refractive index profile by 
considering the quadrupolar lens. Unfortunately, it is impossible to transmute the zero whilst 
maintaining all relevant permittivity components above unity when the bounding medium is 
vacuum. However, by simply scaling the original refractive index profile (Eq. (14) by a 
constant factor this can be overcome (the scaling of the refractive index does not alter the ray 
trajectories). In this case, this requires a scaling factor of greater than 2.4, and the resulting 
permittivity profile for the lens is shown in Fig. 11 ( zμ 1= ). 
 
Fig. 11. The permittivity profile of the transmuted quadrupolar lens for light polarised with its 
E-field parallel to the { , }r ϕ  plane 
z
(μ 1)= . The original refractive index profile (Eq. (14)) is 
scaled by a factor of 2.4 to enable all relevant permittivity components to be greater than unity. 
The full wave modeling of the quadrupolar device for a point source placed at the radius 
on the left hand side is shown in Fig. 12, with the two foci evident at the top and bottom of the 
device demonstrating its beam-splitting character. However, it is when we place a second 
point source diametrically opposite the first that the quadrupolar nature of the ray trajectories 
within the device becomes more evident, and this is shown in the right hand panel of Fig. 12. 
Note that if the full refractive index profile were implemented (i.e. including the profile 
outside the unit radius), this second source would not be required since the rays exiting the 
device would loop back, completing the quadrupolar geometry of the ray trajectories shown in 
Fig. 9. 
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Fig. 12. Full wave modeling (instantaneous total electric field) of the quadrupolar lens using 
the permittivity profile shown in Fig. 11 for light polarised with its electric field in the { , }r ϕ  
plane. Left: with a single point source placed at the radius of the device on the left. Right: with 
two point sources, one on the radius to the left of the device, and an additional one to the right. 
4. Conclusion 
We have demonstrated the transmutation of zeros and singularities in the refractive index 
profiles of various optical instruments, resulting in realistic practical device designs that could 
in principle be fabricated using available metamaterials, and which would allow broadband 
low-loss operation for a single polarisation. This has been achieved using the formalism of 
transformation optics with the addition of a boundary condition requiring the gradient of the 
co-ordinate transformation be continuous. This condition ensures that there are no reflections 
from the boundary of the device when the resulting permittivity and permeability tensors are 
scaled to generate an all-dielectric design. We have demonstrated the methodology in detail 
using a transmuted cylindrical Eaton lens as an example, and have also shown results for an 
“invisible disc” and for “multipolar” lenses. However, it is important to note that the 
modification of the co-ordinate transformation to prevent reflections from the boundary can 
be applied to any transformation optics designed system. This work paves the way for 
transformation optics designed broadband single polarisation devices using non-resonant 
materials. 
(All underlying research materials can be accessed by contacting I. R. Hooper). 
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